Using a fairly rigorous approach, gold-nanocoated dielectric optical fibers are treated to evaluate the propagation characteristics corresponding to the transverse electric (TE) and hybrid EH modes, as supported by the guides with small and large dimensions. Situations with varying nanocoating thickness are considered for two different operating wavelengths. The results demonstrate a profound effect of the gold nanocoating on the propagation-related features-the number of existing modes decreases with increasing nanolayer thickness. Furthermore, the gold nanolayer also has effects on the modal propagation constants, which become more prominent with the increase in the order of modes. It has been found that, in fiber with smaller dimension, the EH 11 mode hardly exhibits any effect due to the variation in existing nanolayer coating corresponding to 850 nm wavelength. Almost similar situations are observed for the TE 01 mode in large core fiber operating at 1550 nm wavelength.
Introduction
Substantial amount of research on optical waveguides with varieties of new forms of cross-sectional geometries and/or composite materials appeared in the literature [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . The electromagnetic (EM) behavior of various forms of optical fibers with different refractive index (RI) profiles and/or number of claddings have been paid much attention [11] [12] [13] [14] [15] [16] . However, the reported investigations mostly implement oversimplified assumptions, because a strict analytical approach, owing to the presence of multiple fibre clads, becomes forbiddingly difficult to tackle with.
Fiber optic sensors are nowadays of much demand [17] [18] [19] [20] owing to their ease of operation and environmentfriendly nature. In this context, the gold-nanocoated fibers are of special mention as these can be used with enormous benefit in chemical sensing [21] [22] [23] , because the optical sensitivity of the system can be enhanced on demand by controlling the nanolayer thickness. Further, such goldnanocoated fibers remain much useful for the detection of weak chemical reactions without sacrificing the measurement sensitivity.
The knowledge of modal behavior of gold-nanocoated optical fibers has been the vital issue to secure their usefulness in sensing, particularly in medical diagnostics. This essentially needs a thorough investigation of these fibers in terms of the sustained modes and their propagation constants. Usually, in metal-nanocoated optical waveguides, the phenomenon of surface plasmon resonance (SPR) is commonly studied, and the features of modal propagation inside the guide are not given much attention. Keeping this in mind, the aim of the present communication is pivoted to the analytical treatment of gold-nanocoated optical fibers with the emphasis on the modal behavior of the guide, which forms the basics of any waveguiding medium. The structure of fiber is essentially a multilayered dielectric one coated with a metallic nanolayer. A considerable amount of refractive index (RI) difference between the different fiber regions is taken into account in order to validate the treatment with greater accuracy under the condition of minimum power leak-off. As such, the use of Maxwell's field equations becomes necessary, which makes the study rigorous, and the results are obtained with greater accuracy.
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Gold nanocoating
The RI profile of gold-nanocoated fiber.
The analytical treatment requires the estimation of fields in the different fiber regions, which essentially gets features due to the light-matter interaction in the guiding structure. Strictly speaking, there must be vanishing fields in the metallic region. However, as the thickness of the outermost gold-coated fiber region is of the order of nanoscale level, there must be some amount of field present in that particular region. This situation can be tackled by making use of Hankel function as one of the essential parts to represent fields in this region. Thus, a linear combination of the modified Bessel function of the second kind and Hankel function [24] is used to represent the field in the gold-nanocoated region. The present paper is aimed to investigate the effect of the gold-nanolayer thickness on the modal behavior of the guide, which ultimately provides the dispersion characteristics of the structure. In this stream, a rigorous analytical treatment is presented for gold-nanocoated fibers of small and large dimensions under the aforesaid assumptions in respect of fields, and the effect of the gold-nanolayer is visualized through the computations of the normalized propagation constants of the modes sustained in the nanocoated fiber. We consider two different operating wavelengths and investigate the effect on the propagation behavior for some of the loworder transverse electric (TE) and hybrid EH modes in the guide due to variation of the thickness of gold nanocoating.
The scope of the present paper is limited to the propagation behavior of the guide in terms of modal constraints. As such, the paper emphasizes on the dispersion characteristics of the guide in respect of the variations of the fiber dimensions and reports the observations in respect of the modal field behavior in terms of propagation cnstants. Apart from the dispersion behavior, further work in the direction is in progress and will be taken up in future communications. Figure 1 illustrates the RI profile of a four-layer dielectric optical fiber of which the third layer is assumed to be loaded with gold nanocoating, with z-axis being the optical axis. The outermost infinitely extended region is the free space (with the RI n 4 = 1). The other three layers have the RI values as n 1 , n 2 , and n 3 with n 1 > n 2 > n 3 , and the interfaces at the radial distances R = R 1 , R = R 2 , and R = R 3 with R 1 < R 2 < R 3 ; the Au-nanolayer region is the one with the radial distance R 3 − R 2 (= δ). We treat the problem considering the wave equation obtained under cylindrical fiber geometry [25] , and matching the solutions at the layer interfaces. Now, corresponding to the case of a gold-nanocoated fiber, the fields in the different fiber regions may be considered as follows.
Analytical Treatment
Bessel function J ν (•) of the first kind would represent the field in the fiber core region, whereas the decaying character of the field (as one moves away from the optical axis) can be represented by the modified Bessel function K ν (•) of the second kind. In the region next to the fiber core, the fields should be represented by a linear combination of J ν (•) and Y ν (•), where the latter one denotes Bessel function of the second kind. Finally, a linear combination of K ν (•) and H ν (•) will represent the field in the region just before the outermost clad; here H (1) ν (•) stands for Hankel function. Strictly speaking, the fields must be vanishing in the metallic region. However, the existence of some fields may always be expected in nanocoated domains, which stimulates one to implement Hankel function to partially represent the field in the gold-nanocoated region of the fiber. In all the aforesaid functions, ν is the mode designating parameter representing the azimuthal periodicity, and it can take only discrete values.
Following the field representations as described above, after a few mathematical steps, the use of the longitudinal components of the electric/magnetic fields will yield the tangential field components in the different regions of the guide, as expressed here.
Region I: Core (0 ≤ R ≤ R 1 ):
(1)
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Region III: Gold-nanocoated layer (R 2 ≤ R ≤ R 3 )
Region IV: outer cladding (R ≥ R 3 )
In (1)- (4), A 1 -A 12 are the unknown constants to be determined by the use of electromagnetic boundary conditions, and the suffices 1, 2, 3, and 4 illustrate the corresponding fiber regions. Also, the prime represents the differentiation with respect to the argument, and the parameter q is determined as
Furthermore, the core/clad parameters Q 1 , Q 2 , Q 3 and Q 4 are defined as
In Equations (6), ε 1 , ε 2 , ε 3 , and ε 4 are the dielectric constants, μ is the permeability of the medium, and β represents the longitudinal component of the propagation constant. Implementing the continuity condition of fields, the tangential components of the electric field E and the magnetic field H will exhibit smooth match at the layer boundaries represented by the parametric coordinates R = R 1 , R = R 2 , and R = R 3 . This yields twelve equations altogether, the consistency of which will be determined by the vanishing (12 × 12) determinant (Δ) formed by the coefficients of those equations. This indicates
the solutions to which will provide the modal propagation constants of the guide under consideration. Since Δ is complex, situations of the simultaneously vanishing real and imaginary parts of Δ will determine the allowed values of the propagation constants sustained by the gold-nanocoated fiber.
Results and Discussion
Equation (7) represents the dispersion relation corresponding to the gold-nanocoated fiber, as deduced by using Maxwell's field equations. The analysis becomes much rigorous to identify the sustained TE and EH modes. The numerical computations implement two different values of the operating wavelength λ as 850 nm and 1550 nm-the two wavelength regions where optical waveguides are usually operated. We consider the RI values n 1 and n 2 as 1.4488 and 1.444, respectively. Also, the gold-nanocoated layer has the RI as n 3 = 1.42. In order to attain a comparative study, fibers with small and large dimensions are taken into consideration. In this context, for smaller dimensioned fiber, we assume parametric boundaries R 1 and R 2 as 4.1 μm and 62.5 μm, respectively, and the outermost layer is considered to be infinitely extended. As to the fiber with large dimension, we chose the parameters as R 1 = 50 μm, R 2 = 12 μm along with the infinite extension of the outermost layer. In both the cases, we perform investigations for varying R 3 -the thickness of gold-nanolayer. We further consider that the dielectric regions of the fiber are homogeneous and isotropic along with their nature to be nonmagnetic, that is, μ 1 = μ 2 = μ 3 = μ 4 ≈ μ 0 , the free-space permeability. Figures 2 and 3, respectively, illustrate the plots (corresponding to the case of small core gold-nanocoated fiber operating at 850 nm wavelength) of the normalized propagation constant k/β against the nanocoating thickness δ. Within the context, it is to be noted that the values of the propagation constant β are limited by the condition of sustained guidance; that is, n 1 k ≥ β ≥ n 2 k, with k being the free-space propagation constant.
In order to observe the effect of the presence of gold nanolayer on the number of sustained modes, we performed computations for several values of δ, and from the study of the eigenvalue equation (i.e., (7)), we find that the number of sustained modes decreases with the increase in nanocoating thickness. This essentially reflects the feature that the increase in gold-nanolayer thickness makes the fiber to attain the property of mode suppression as the fiber gets loaded with a metallic layer in this case.
In Figure 2 , we demonstrate the variation of the normalized propagation constants corresponding to the first three TE modes, namely, TE 01 , TE 02 , and TE 03 excited at 850 nm wavelength. We notice that the value of k/β initially decreases with the increase in δ. This essentially indicates that, for all the three types of modes, the values of k/β are relatively large corresponding to the situation when the gold-nanolayer thickness is small. In other words, the β values are larger for smaller coating thickness, and the TE 01 mode attains the lowest value of β (or the highest value of k/β). This is very much obvious looking at the conceptual understanding of wave propagation in bounded mediums. Figure 2 also depicts that the propagation constants of TE modes saturate after the coating thickness is increased to 120 nm onwards. The thickness of gold nanocoating can be conceptualized through correlating it with the size of gold nanoparticles. The nanocoating thickness must have the impact on the size of grown nanoparticles-the thicker the coating is, the larger the nanoparticle size will be, affecting thereby the confinement of modes in the gold nanolayer. Figure 2 illustrates that the propagation of TE modes becomes saturated with the increase in nanocoating thickness. Figure 3 corresponds to the situation when the EH modes are excited into the fiber. We observe that the propagation constants of the EH 11 mode remain almost unaffected due to the variation in nanocoating thickness, which might be attributed to the specific field patterns the mode attains in the guide. However, the next higher order EH 12 and EH 13 modes exhibit marginal decrease in normalized propagation constant (or the increase in propagation constant) with increasing nanocoating thickness. Furthermore, the excitation of EH modes does not indicate any kind of saturation in the values of propagation constants with increasing δ, which is in contrast to the situation of TE mode excitation, wherein TE 01 , TE 02 , and TE 03 modes show a kind of saturation in the values of k/β with the increase in coating thickness.
Increasing the operating wavelength (to 1550 nm) results into changes in the propagation constants of the sustained TE and EH modes, as depicted in Figures 4 and 5 , respectively. In both the cases the first-order modes exhibit the maximum value of k/β, which is as usual. We observe that the TE 01 mode initially shows almost unchanged propagation constant values with increasing coating thickness until it reaches a value close to 120 nm (Figure 4 k/β with increasing coating thickness and become ultimately saturated. In all the cases, we observe that the normalized propagation constant decreases with the increase in the order of mode.
The aforesaid results correspond to the situation when the gold-nanocoated fiber core size is small. However, studies can also be performed corresponding to the situation when the fiber core attains a relatively large core so that the field functions can be expressed in terms of their asymptotic forms under the limit of large arguments. We made computations considering such a case for operating wavelengths as 850 nm and 1550 nm, and the results are illustrated in Figures 6 and 7 , respectively, in the form of k/β − δ plots. Interestingly, under the asymptotic limit of fields, we notice that there exist only the TE 01 and TE 02 modes in the guide (Figure 6 ) with the TE 01 mode having marginal variation in the value of k/β with increasing gold nanocoating thickness. The TE 02 mode, however, shows larger initial increase in its normalized propagation constant, which becomes almost saturated after the coating thickness is 100 nm and above. We also observe from Figure 6 that the EH 11 mode has hardly any dependence on the thickness value in terms of its propagation constants, and the EH 12 mode exhibits a minor dependence only in similar terms. The numerical results do not reflect the existence of further higher-order modes.
Operation of large core gold-nanocoated fiber at 1550 nm yields further interesting results in term of the existence of modes. We find that the TE 01 is the only mode that falls under the TE category, and no other mode has been observed to belong in this category. Moreover, the propagation constants of the TE 01 mode remain unaffected due to the variation in the nanocoating thickness. In the EH mode group, as in the case of 850 nm operating wavelength, only the EH 11 and EH 12 modes are confined into the guide, and higher order modes are non existing. The trend of variation of the values of k/β in this case has some sort of similarity with the situation when the fiber is excited at 850 nm operating wavelength.
The propagation of TE and EH modes in the fiber under consideration emphasizes the fact that the goldnanolayer essentially has its effect on the modal propagation constants, which become more effective when the nanolayer thickness is relatively small. For larger values of coating thickness, the propagation constants exhibit marginal dependence on the coating thickness as the larger nanoparticle size physically has less impact on the propagating field.
Conclusion
The foregoing analytical study reports on the observation of the dispersion behavior of the guide. Investigation reveals that the gold-nanocoating on dielectric optical fibers has the effect in the form of reducing the number of modes propagating in the fiber. We studied the cases of TE and EH modes. Relating the thickness of the nanolayer with the nanoparticle size, the effect of nanocoating has been found to be more pronounced under its small values, whereas larger coating thickness drives the system towards the situation when the larger nanoparticles exhibit less impact on the propagating fields making thereby the modal propagation constants almost saturated. Studying the case under the asymptotic limit of large core, making thereby the related field functions to be assumed to have large arguments, it has been observed that the number of modes becomes greatly reduced. Furthermore, when the fiber is operated at 850 nm wavelength, the low-order TE and TM modes exhibit almost unchanged values of propagation constants with the variation in nanocoating thickness. Increasing the operating wavelength to 1550 nm, however, makes the TE mode only to remain unaffected in terms of propagation constant values due to the changes in coating thickness.
The study essentially throws information on the dispersion characteristics of gold-nanocoated optical fiber under variations of the fiber dimensions. Further studies in line with the above discussion concepts will be taken up in future communications.
